In this paper, homotopy analysis method is presented for linear system of first-order fuzzy differential equations which involves a radioactivity decay model. We give the illustrative example to demonstrate the efficiency of the method. Finally, homotopy analysis method (HAM) is applied to obtain series solutions to the the radioactivity decay model.
Introduction
The topic of Fuzzy Differential Equations, has been rapidly growing in recent years. The concept of the fuzzy derivative was first introduced by Chang and Zadeh [8] , it was followed by many authors. The starting point of the topic in set valued differential equation and also fuzzy differential equation is Hukuhara's paper [11] . The strongly generalized differentiability was defined by considering lateral H-derivatives [9] . Apparently the disadvantage of strongly generalized differentiability of a function in comparison H-differentiability is that, a fuzzy differential equation has no unique solution [6] . Recently, Stefanini and Bede by the concept of generalization of the Hukuhara difference for compact convex set [19] , introduced generalized Hukuhara differentiability [18] for interval valued function and they shown that, this concept of differentiability have relationships with weakly generalized differentiability and strongly generalized differentiability.Many researcher have been suggested some analytical and numerical methods for solving fuzzy differential equations. (see e.g. [15, 4, 1, 3, 5, 2] ). In [7, 10, 12] authors transform an fuzzy differential equation to a system of ordinary differential equations. Base on this method, a non-homogenous n-dimensional system of first order linear fuzzy differential equation convert to a 2n-dimensional system of ordinary differential equations. Solaymani Fard and Ghal-Eh [16] used the variational iteration method to solve linear system of first-order fuzzy differential equations with fuzzy constant coefficients under Hukuhara differentiability. In this study, we consider a class linear system of fuzzy differential equations under generalized Hukuhara differentiability. In addition, we apply the present method for Radioactivity decay model in continuous time. The mentioned model [16, 13] is given by
subject to
In this example, a target of stable nucleus (type 1) is placed in front of an accelerator beam. This leads to the production of a radioactive species of rate r. The produced nuclei x 1 (t) decay into unstable nuclei x 2 (t) with decay constant λ 1 . Type 2 nuclei are unstable and decay with decay constant λ 2 . It is assumed that r and x 1 (t) suffer from uncertainty due to instrumental errors. Moreover, λ 1 and λ 2 may be determined from the theory of radioactive decay, which does not provide exact values. The values of r, x 1 , x 2 , λ 1 and λ 2 may be obtained from some group of experts. According to experts opinion, we may consider the smallest possible values, the highest possible values and the most likely values for r, x 1 (0), λ 1 and λ 2 . In other words, four triangular fuzzy numbers are constructed for these uncertain parameters [16] . The paper is organized as follows: we describe the basic notations and preliminaries in Section 2. In Section 3, the homotopy analysis method to approximate solution of nonlinear equation is presented. We give the illustrative example to clarify the details and efficiency of the method in Section 4 and in Section 5, we apply the present method for Radioactivity decay model. At the last section, we will have a conclusion of our study.
Basic preliminaries

Basic notations and definitions
In this section, we represent some definitions and introduce the necessary notation which will be used throughout the paper.
, where
(ii) u is normal, i.e., there exists an x 0 ∈ R n such that u(x 0 ) = 1;
(iii) u is upper semi-continuous;
Then R F is called the space of fuzzy numbers.
A triangular fuzzy number is defined as a fuzzy set in R F , that is specified by an ordered triple u = (a, b, c) ∈ R 3 with a ≤ b ≤ c such that
, we shall define addition, substraction and multiplication as follows for 0 ≤ α ≤ 1 : 
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Let parametric representation of fuzzy value function f :
Definition 2.2. ([18]) The generalized Hukuhara derivative of a fuzzy value function f
: (a, b) → R F at t 0 is defined as f ′ gH (t 0 ) = lim h→0 f (t 0 + h) ⊖ g f (t 0 ) h (2.2) If f ′ gH (t 0 ) ∈ R F satisfying (2.
2) exists, we say that f is generalized Hukuhara differentiable (gH-differentiable for short) at t 0 . Also we say that f(t) is
[(i) − gH]-differentiable at t 0 if ( f α ) ′ (t 0 ) = [( f α − ) ′ (t 0 ), ( f α + ) ′ (t 0 )] (2.3) and f(t) is [(ii) − gH]-differentiable at t 0 if ( f α ) ′ (t 0 ) = [( f α + ) ′ (t 0 ), ( f α − ) ′ (t 0 )]. (2.4)
Linear system of fuzzy differential equations
Consider following linear system of first-order fuzzy differential equation
and also the elements of the coefficient matrix A, the elements of the vectors F(t), X(t), X 0 are fuzzy numbers.
. Thus, for m = 1, 2, ..., n Eq.(2.5) is transformed into the following system of ODEs:
, then the linear system (2.6) can be interpreted in two different ways:
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3 Homotopy analysis method
In this section, we extended the applications of the homotopy analysis method to solve linear system differential equations. To achieve our goal, we consider the following nonlinear differential equations :
Zeroth-order deformation equation
Liao [14] , construct the so-called zeroth-order deformation equation:
where q ∈ [0, 1] is an embedding parameter, N i are nonlinear operators, L i are auxiliary linear operators, z i0 (t) are initial guesses satisfy the initial conditions,h ̸ = 0 are auxiliary parameters, H i (t) ̸ = 0 are auxiliary functions and ϕ i (t, q) are unknown functions. It should be emphasized that one has great freedom to choose the initial guesses, the auxiliary linear operators L i , the auxiliary parameters h i and the auxiliary functions H i (t). When q = 0 and q = 1, we have from the zero-order deformation Eq.(3.11) that ϕ i (t, 0) = z i0 (t) and ϕ i (t, 1) = z i (t) for i = 1, 2, ..., n. Thus, as q increases from 0 to 1, the solution ϕ i (t, q) varies from the initial guess z i0 (t) to the solution z i (t). Defining
and expanding ϕ i (t, q) in Taylor series with respect to the embedding parameter q, we have
If the auxiliary linear operator, the initial guess, the auxiliary parameter h and the auxiliary function H n (t) are properly chosen, the series Eq.(3.13) converges at q = 1. Then at q = 1, the series (3.13) becomes
.., n (3.14)
The mth-order deformation equation
Differentiating the zero-order deformation Eq.(3.11) m times with respect to q, then setting q = 0 and finally dividing by m!, we have the mth-order deformation equation
where
The mth-order deformation equation (3.15) is linear and thus can be easily solved, especially by means of symbolic computation software Matlab, Mathematica and so on. 
Numerical illustration
Consider the nonhomogeneous linear system of first-order fuzzy differential equations (2.5), with [16]
So, we conclude that subject to the initial condition
Now, let us apply the procedure in Section 3 to obtain this approximate solution. According to the initial condition of Eq.(4.17), the solution can be expressed by a set of base functions {e nt ,t n , e nt , e nt |n = 0, 1, ...} in the form
where d i j are coefficients to be determined. Now, we choose the linear operators
possesses the propertyL i (C i ) = 0 , i = 1, 2, 3, 4, where C i are an integral constant to be determined by initial conditions. Thus, we obtain the mth-order (m ≥ 1) deformation equations
, 4 where
Now the solution of the m th-order (m ≥ 1) deformation equations becomes
where the integration constants C i (i = 1, 2, 3, 4) are determined by the initial conditions of Eq.(4.17). Then the series solutions expression by HAM can be written in the form
To influence of h 1 on the convergence of the Eqs.(4.19), we first plot the so-called h-curves of (( Figure 2 , it is easy to discover the valid region of h 1 . Similarly, the values of h i , i = 2, 3, 4 Can be obtained. Table 1 , the approximate solutions are compared with the exact solutions for m = 6 and in Figure 1 , we compared the 6th-order approximation solution with exact solution in α = 0, t = 0. 
Application of the Radioactivity decay model
In this section, we will apply the method presented for a stable Radioactivity decay model [16] . In this application, we investigate 0 ∈ R F . Then, the model (1.1) converts to the problem 
The exact solutions of this problem for α = 1 by [17] are Table (2) . By attention to Figure 3 , we could take another values for h except 1. 
Conclusion
In this Letter, the homotopy analysis method (HAM) has been applied to obtain the solution of a nonhomogeneous system of first-order linear fuzzy differential equations under generalized Hukuhara differentiability. HAM provided us with a convenient way to control the convergence of approximation series, which is a fundamental qualitative difference in analysis between HAM and other methods.
